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Abstract
We study the Janus interface, a domain wall characterized by spatially varying
couplings, in two-dimensional N = (2, 2) supersymmetric gauge theories on the two-
sphere. When the variations of the couplings are small enough, SUSY localization in
the Janus background gives an analytic continuation of the sphere partition function.
This directly demonstrates that the interface entropy is proportional to the quantity
known as Calabi’s diastasis, as originally shown by Bachas et.al. When the variations
are not small, we propose that an analytic continuation of the sphere partition function
coincides with the Janus partition function. We give a prescription for performing such
analytic continuation and computing monodromies. We also point out that the Janus
partition function for the equivariant A-twist is precisely the generating function of
A-model correlation functions.
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1 Introduction and summary
Quantum field theories come with a rich spectrum of operators. The operators that are most
commonly studied are local operators inserted at points in a spacetime manifold. It is also
quite interesting to study non-local operators supported on a subspace of the spacetime.
In this paper we study codimension-one operators in two dimensions. We will refer to the
codimension-one operators as interfaces. In the literature “domain walls” and “defects” are
other terms commonly used for the same objects.
In particular we will be concerned with the Janus interface. By definition, the Janus in-
terface is an interface characterized by different values of coupling constants on the two sides
of the interface. See, for example, [1, 2, 3, 4, 5]. A construction of the 2d supersymmetric
Janus interface in a general 2d N = (2, 2) was given in the appendix of [6].
An N = (2, 2) superconformal field theory (SCFT) has exactly marginal couplings asso-
ciated with chiral or twisted chiral deformations. We will focus on the twisted chiral ones.
Let us recall the relation
ZS2(t, t) =
(
`
`0
)c/3
e−K(t,t) (1.1)
between the two-sphere partition function ZS2(t, t) and the Ka¨hler potential K(t, t) on the
(twisted chiral) moduli space parametrized by (t, t). Here c is the central charge of the 2d
N = (2, 2) SCFT, ` is the radius of the round sphere, and `0 is a reference length scale. This
relation was conjectured in [7] and was established in [8, 9].
Our main object of study is the supersymmetric partition function on the two-sphere [10,
11] in the presence of a BPS Janus interface, in conformal and non-conformal cases. We
will construct a supersymmetric field configuration that defines a Janus interface along the
equator of S2, so that the twisted chiral coupling t takes value tN at the north pole and
value tS at the south pole. It is natural to expect that the Janus partition function ZJanus is
given by the analytic continuation of the sphere partition function:
ZJanus(tN, tS) =
(
analytic continuation of ZS2(t, t) to t = tN , t = tS
)
. (1.2)
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This expectation can be validated from a relation found in [12] between the hemisphere
partition function [13, 14, 15] and the boundary contribution to the super Weyl anomaly.
Here we demonstrate by a direct localization calculation that this expectation indeed holds.
The reference [16] showed that the interface entropy g of the Janus interface in an SCFT
is given by a particular combination of analytically continued Ka¨hler potentials as
2 log g = K(tN, tN) +K(tS, tS)−K(tN, tS)−K(tS, tN) . (1.3)
The combination on the right hand side is known as Calabi’s diastasis [17]. It is invariant
under the Ka¨hler transformation
K(t, t)→ K(t, t) + f(t) + f(t) , (1.4)
where f is an arbitrary holomorphic function and f is the complex conjugate. It was also
explained in [16], using the boundary states and the spectral flow, that g can be written as1
g2 =
|ZJanus(tN, tS)|2
ZS2(tN, tN)ZS2(tS, tS)
. (1.5)
Thus our result (1.2) amounts to a demonstration of the entropy-diastasis relation (1.3) by
direct SUSY localization. This was the original motivation for this work.
We find that the result of localization calculation for ZJanus(tN, tS) depends only on the
values of t at the north and the south poles. We expect that this is an artifact of our
localization procedure, and that with a more refined treatment the partition function should
depend on the homotopy class of the path in the moduli space along which the moduli t
vary as we move from the north pole to the south pole. Here we take a pragmatic approach
and propose that in a correct version of the relation (1.2) captures the dependence on the
homotopy class.
The Ka¨hler potential can be expressed in terms of the periods of the mirror Calabi-Yau
manifold. There is huge literature on the analytic continuation of such periods. In this paper
we take an alternative approach and offer a prescription based on the expression of the sphere
partition function as a residue integral found in [7]. The integrand involves holomorphic and
anti-holomorphic copies of a certain function, which is proportional to Givental’s I-function,
itself a generalization of the hypergeometric function. (See for example [19, 20, 21].) The
analytic continuation of the holomorphic function can be done by the Mellin-Barnes method.
We organize the paper as follows. In Section 2 we review general aspects of a Janus
interface in N = (2, 2) supersymmetric theories. In Section 3 we specialize to gauged linear
sigma models (GLSM’s) and perform localization calculations. We will explain how to
1Here we identify the supersymmetric partition functions with the corresponding tt∗ partition functions.
Their equality for conformal theories was conjectured in [18] and proved in [12]. See Section 2.3 for more
discussion on this point.
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perform analytic continuation in Section 4. In Sections 5 and 6, we will study concrete
examples and perform explicit calculations. In Section 7 we construct a Janus interface
on S2 in a theory with equivariant A-twist [10, 22] and observe that the partition function
with the interface is a generating function of the A-model correlation functions. We will
conclude with discussion in Section 8. Appendices contain useful formulas and details of
computations.
2 Janus interface in 2d N = (2, 2) supersymmetric the-
ories
2.1 Symmetries
We begin by studying the symmetries of N = (2, 2) supersymmetric theories and their
interfaces. We will consider non-conformal as well as conformal cases.
A general N = (2, 2) theory in Minkowski space has four Poincare´ supercharges Q± and
Q± as we review in Appendix A.1. They satisfy the relations (Q±)
† = Q±. An interface
extending along the time direction preserves the Hamiltonian while it breaks the transla-
tion generated by the momentum. The interface we will study preserves the combination
Q+ + e
−iβQ− and its hermitian conjugate Q+ + e
iβQ−.
2 The symmetry group in Lorentzian
signature is generated by the hermitian combinations of generators.
Some of the supersymmetric models we consider flow to an N = (2, 2) SCFT. The su-
persymmetry algebra of the bulk theory is enhanced to two copies of N = 2 super Virasoro
algebra. Let us perform the Euclidean rotation to the complex plane, and also geometrically
rotate by angle pi/2 so that the interface extends in the spatial direction. The supercon-
formal algebra has left-moving generators usually denoted as Lm, Jm, G
±
r and their right-
moving counterparts L˜m, J˜m, G˜
±
r . See [23, 24] for notations.The global part, which preserves
the Riemann sphere, of the superconformal group is generated by Lm (m = 0,±1), J0, G±r
(r = ±1/2), and their right-moving partners. The complexification of the N = (2, 2) super-
conformal algebra is therefore sl(2|1,C) ⊕ sl(2|1,C).3 The usual conformal transformation
maps the Euclidean plane to an infinite cylinder S1 × R. Rotating back to Lorentzian sig-
nature with S1 taken as space, hermitian conjugation acts as L†m = L−m, (G
±
r )
† = G∓−r, etc.
Again the symmetry group in Lorentzian signature is generated by the hermitian combina-
tions. An interface wrapping S1 can be regarded as an operator I on the Hilbert space. A
B-type superconformal interface satisfies
[Lm − L˜−m, I] = [Jm + J˜−m, I] = [G±r + iηG˜±−r, I] = 0 , (2.1)
2Here β is real, but in Euclidean signature it can be complex. In that case the combinations cease to be
the hermitian conjugate of each other.
3Note also that sl(2|1,C) ' osp(2|2,C).
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where the sign η = ±1 specifies the spin structure.An A-type superconformal interface satis-
fies the same relations with the replacement J˜m → −J˜m, G˜±r → G˜∓r (mirror automorphism).
We expect that in conformal theories, the supersymmetric interfaces we study flow to super-
conformal interfaces.
We explained the characterization (2.1) of the interfaces to make contact with the liter-
ature. In this paper we will mainly study theories on S2.
On S2, one can couple a possibly non-conformal N = (2, 2) theory with vector (or axial)
R-symmetry u(1)V (or u(1)A) to a version of supergravity that contains a gauge field for
that R-symmetry.4 A suitable supergravity background with a round metric preserves four
fermionic symmetries that generate su(2|1)V (or su(2|1)A). The interface we will consider
breaks the symmetry group to u(1|1)V (or u(1|1)A).
A different supergravity background [8] with a deformed metric (3.8) only preserves
u(1|1)V (or u(1|1)A). In this case an interface does not break symmetries further.
2.2 Off-shell construction of the Janus interface
In two dimensions, a conformal field theory with N = (2, 2) supersymmetry comes with a
moduli space M of exactly marginal couplings. The space M is locally a product: M '
Mc ×Mtc. The factors Mc and Mtc are parametrized by the coupling constants that can
be viewed as scalar components of chiral and twisted chiral supermultiplets, respectively, in
accordance with the philosophy of [25]. In this paper we focus on the physics associated
with the twisted chiral part Mtc.
The Janus interface preserving B-type supersymmetry was defined in [6], extending the
similar constructions in 4d [2, 3, 26]. It is characterized by a profile of the coupling t ∈Mtc
that depends on the position in the spacetime, in such a way that B-type supersymmetry is
preserved.
A basic idea of this paper is that we can construct a supersymmetric Janus interface in the
off-shell supersymmetry formalism by promoting coupling constants to supermultiplets and
turning on auxiliary fields. The values of the auxiliary fields are fixed by the condition that
the supersymmetry variations of the fermionic partners vanish. Concretely, let us consider a
twisted chiral multiplet T = (t, χT−, χ
T
−, E
T ) in Minkowski space, where t(x1) is the coupling,
χ− and χ− are fermions, and E is the auxiliary field. The metric is
ds2 = −dx+dx− , (2.2)
where x± = x0 ± x1. We are interested in the B-type supersymmetry specified by the
condition on the SUSY parameters (±, ±)
+ = −e−iβ− , + = −e+iβ− , (2.3)
4We write u(1)V (Lie algebra) rather than u(1)V (Lie group) because the R-charges are not quantized on
the supersymmetric sphere, where the total R-symmetry flux vanishes.
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Figure 1: The expectation value of the Janus interface with a smooth profile of couplings
coincides with that of zero width. Upon folding, it is then identified with the hemisphere
partition with a particular boundary condition for a product theory.
where β is a real constant. The vanishing of the fermions and their variations
δχT− = i+(∂1 − ∂0)t+ −ET , δχT+ = i−(∂1 + ∂0)t+ +ET (2.4)
implies that
ET = ie−iβ∂1t . (2.5)
In Minkowski signature complex conjugation gives ET = −ieiβ∂1t while in Euclidean signa-
ture we have the same relation but β can be complex.
We will explain the off-shell construction even more explicitly for GLSM’s in Section 3.1.
2.3 SUSY sphere partition function and tt∗ partition function
In general a Janus interface can have a finite width, meaning that the couplings vary over a
region of finite width. The supersymmetric sphere partition function ZJanus in the presence
of the Janus interface is, however, independent of the width of the interface. This is because
a change in the profiles of the couplings fixing the values at the two poles results in an
SUSY-exact shift of the action [6].5 Then we can make it infinitely thin without changing
the value of ZJanus. We expect that in this limit we obtain a superconformal interface.
Let us consider folding the configuration, turning the thin interface into a boundary with a
B-type boundary condition for a product theory. See Figure 1. It was conjectured in [18] that
the supersymmetric hemisphere partition function for a B-type boundary condition coincides
with the tt∗ hemisphere partition function. The conjecture was proved in [12] by establishing
a relation between the hemisphere partition function and the boundary contribution to the
super Weyl anomaly.6 Since the equality of the supersymmetric and tt∗ partition functions
5See footnote 8.
6The authors of [12] claim that they also compute Calabi’s diastasis using localization. Indeed they show
in their paper that a hemisphere partition function depends holomorphically on the bulk moduli. Upon
conformal perturbation in the bulk, the hemisphere partition function of the folded theory can then only
depend holomorphically on tN and anti-holomorphically on tS, leading to the diastasis for an appropriate
ratio of partition functions. Thus their approach is a combination of SUSY localization for the pure sphere
partition function and conformal perturbation theory for the Janus interface. In this paper we use explicit
localization for the latter part as well. We thank C. Bachas for a discussion and clarification on this point.
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holds in the presence of an interface, the same also holds for the partition functions with the
trivial interface, or in other words for the supersymmetric and tt∗ sphere partition functions.
3 Janus interface in gauged linear sigma models
We now study the Janus interface reviewed above in the specific setting of N = (2, 2)
gauged linear sigma models, which we review in Appendix A.2. In particular we present a
construction that makes use of the off-shell formulation of N = (2, 2) supersymmetry.
To avoid cluttering equations, we start with a single U(1) factor. We will generalize the
results of the analysis to multiple U(1) factors when writing down the formula for the Janus
partition function.
3.1 Janus configuration in Minkowski space
The terms in the action that involve the Fayet-Iliopoulos (FI) parameter r and the theta
angle ϑ are
SFI-ϑ = − 1
4pi
∫
d2xd2θ˜ tΣ + c.c. =
1
2pi
∫
d2x(−rD + ϑv01). (3.1)
Here we applied (A.4) to W˜ = −(t/4pi)Σ.
Let us promote the complexified FI parameter t to a twisted chiral superfield
T = t(y˜) + θ+χT+(y˜) + θ
−χT−(y˜) + θ
+θ−ET (y˜) , (3.2)
where y˜± = x± ∓ iθ±θ±. We consider the twisted superpotential
W˜Janus = − 1
4pi
TΣ (3.3)
with the superfield coupling T . To preserve supersymmetry we impose the conditions δχT =
δχT = 0 and χT = χT = 0 which give the relation (2.5). We obtain
SJanus := − 1
4pi
∫
d2xd2θ˜ TΣ + c.c.
=
1
2pi
∫
d2x
[−r(x1)D + ϑ(x1)v01]+ i
4pi
∫
d2x
[
e−iβ(∂1t)σ − eiβ(∂1t)σ
]
.
(3.4)
The SUSY variation δ can be expressed in terms of supercharges as
i+Q− − i−Q+ − i+Q− + i−Q+ .
The condition (2.3) corresponds to the B-type combination Q+ + e
−iβQ− and its hermitian
conjugate. The action can then be written as
SJanus =
1
4pi
∫
dx0dx1
(
t(x1){Q+, [Q−, σ]}+ ie−iβ(∂1t)σ + h.c.
)
. (3.5)
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In this form the equivalence with the on-shell construction of the Janus interface as given
in (A.4) of [6] is manifest.
As noted in [6], and as follows from the first line of (3.4), the variation of the action
under t(x1)→ t(x1) + ∆t(x1) is δ-exact if ∆t(x1)→ 0 as |x1| → ∞.7 This implies that when
we study quantities protected by SUSY we can continuously deform the profile t(x1) while
fixing the asymptotics, as long as the theory remains regular during the deformation process.
If the theory becomes singular, for example due to the non-compactness in the field space
at the conifold singularity discussed later, the physical quantities can jump discretely. Thus
the BPS physics depends on the homotopy class of the path t(x1) in the moduli space.
We may choose ∆t so that t(x1) becomes a step function [6]
t(x1) =
{
t− x1 < 0
t+ x
1 > 0
(3.6)
with two constants t±. The delta function in ∂1t = (t+ − t−)δ(x1) gives
SJanus =
1
2pi
∫
d2x(−rD + ϑv01) + i
4pi
∫
x1=0
dx2(e−iβ(t+ − t−)σ − eiβ(t+ − t−)σ) . (3.7)
We write the first term in a way identical to the usual FI and theta couplings, but the values
of (r, ϑ) on the two sides of the thin interface are different. In addition, we get a contribution
involving the scalar σ localized along the interface.
3.2 Janus configuration on the supersymmetric sphere
Let us apply the off-shell construction to the supersymmetric sphere [10, 11]. We work with
the deformed sphere metric [8]
ds2 = f(θ)2dθ2 + `2 sin2 θdϕ2 . (3.8)
The function f(θ) > 0 behaves as f = ` +O(θ2) near θ = 0 and as f = ` +O((pi − θ)2) near
θ = pi respectively. In the case of the round sphere, we have f(θ) = `. The SUSY parameters
are
(−, +) = (e−iϕ sin
θ
2
,− cos θ
2
) , (−, +) = (− cos θ
2
, eiϕ sin
θ
2
) . (3.9)
We are interested in a configuration of the complexified FI parameter
t(θ) = r(θ)− iϑ(θ) (3.10)
7Thus when the system is placed on S1×R, slightly different profiles with the same asymptotic values of
t act in the same way on Ramond-Ramond ground states on S1. As explained in [6], this implies the flatness
of the tt∗ connection, and hence all the tt∗ equations [27].
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that depends only on the longitudinal coordinate θ. To preserve SUSY, the fermionic partners
of t, t and their variations are set to zero. Formulas in (A.13) and (A.14) give
ET =
i
f(θ)
cot
θ
2
· ∂θt(θ) , ET = − i
f(θ)
tan
θ
2
· ∂θt(θ) . (3.11)
Note that ET and ET are not the complex conjugate of each other.
Localization in the Janus background proceeds as in [10, 11, 8]. The saddle point con-
figurations are given by
σ = σ(0) − iB
2`
, vϕ =
B
2
(1− cos θ) . (3.12)
We need to integrate over the constant σ(0) and sum over the magnetic flux B ∈ Z.
3.3 Sphere partition function with a Janus interface
We now turn to a Janus interface on a two-sphere, where the moduli vary along the longi-
tudinal direction.
3.3.1 Classical action
We can evaluate the on-shell classical action Scl by the formula (A.15) with the twisted
superpotential (3.3).
To evaluate the classical action in the presence of a Janus interface, it is useful to notice
that the twisted superpotential action (A.15) can be written as8
SW˜ = −4pii`
(
W˜ |θ=0 + W˜ |θ=pi
)
+ δ(. . .) . (3.13)
in the supersymmetric background. A similar expression appeared earlier, for example in
[22] for the sphere with equivariant A-twist. The result is that the on-shell action for the
Janus interface is obtained by replacing (r, θ) with the effective FI and theta parameters
r :=
rN + rS
2
− iϑN − ϑS
2
,
ϑ :=
ϑN + ϑS
2
+ i
rN − rS
2
,
(3.14)
8Note that (A.15) with W˜ = v, W˜ = v reduces to S = − ∫ [E − (i/f)v + E − (i/f)v]. The formulas for
the fermion valuations allow us to write S = −4pii`(v|θ=0 + v|θ=pi) + δ(. . .).
The result (3.13) implies that the Janus partition function for a general N = (2, 2) theory (not necessarily
a gauged linear sigma model) depends only on the twisted chiral parameter tN at the north pole and the
twisted anti-chiral parameter tS at the south pole.
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where the subscripts N and S indicate that the symbols are evaluated at the north and south
poles respectively. Thus we can write the classical action in the presence of a Janus interface
as
Scl(Janus) = +2ir`σ
(0) + iBϑ
= tN
(
+i`σ(0) − B
2
)
+ tS
(
+i`σ(0) +
B
2
)
.
(3.15)
3.3.2 Janus partition function
Suppose that the gauge group is
∏s
a=1 U(1)a and that the chiral multiplet Φj has charge Q
a
j
under U(1)a. We use the notation B = (Ba) for magnetic fluxes. Let qj be the vector R-
charge of Φj. Recall from the above that we need to integrate over the constant mode σ
(0).
In the following we use the notation σ = (σa), where σa denotes the combination −i`σ(0) for
each U(1)a. The usual localization procedure as in [10, 11] gives the Janus partition function
written as
ZJanus =
∑
B
∫
C
s∏
a=1
dsσ
(2pii)s
Zcl(σ,B)
∏
j
Zj(σ,B) , (3.16)
where
Zcl(σ,B) = exp
[
taN
(
σa +
Ba
2
)
+ taS
(
σa − Ba
2
)]
, (3.17)
and
Zj(σ,B) =
Γ
(qj
2
+Qaj σa −
1
2
Qaj Ba
)
Γ
(
1− qj
2
−Qaj σa −
1
2
QajBa
) . (3.18)
The symbols taN and t
a
S denote the values of the renormalized and complexified FI parameters.
The contour C of integration needs to be taken appropriately for given such parameters.
This reduces to the usual sphere partition function [10, 11] if we set tN → t, tS → t. In
other words, the Janus partition function is obtained simply by analytic continuation t→ tN,
t → tS. Thus the sphere partition function for a GLSM with a Janus interface is given by
the analytic continuation of the sphere partition function via
ZJanus = ZS2(tN, tS) . (3.19)
When the GLSM reduces a conformal field theory, this gives the analytic continuation of the
Ka¨hler potential:
ZJanus =
(
`
`0
)c/3
e−K(tN,tS) . (3.20)
As in (1.1) we included the prefactor that depends on the central charge c given by c/3 =∑
j(1−qj)−s of the IR CFT; it arises from a more careful regularization and renormalization,
independently of the presence of the interface.
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3.3.3 Ka¨hler transformations for the analytically continued Ka¨hler potential
For the usual sphere partition function of anN = (2, 2) conformal theoy, a finite supergravity
counterterm accounts for the Ka¨hler transformation (1.4) with t and t being the complex
conjugate of each other [9]. A component expression for the counterterm was given in [28].
Let R be the Ricci scalar, FRµν the vector R-symmetry gauge field, and H the graviphoton
field strength. The counterterm in the current convention (see [29]) is
Sf,f =
1
4pi
∫
d2x
√
g
[
µνFRµν
(
f(t)− f(t))+ R
2
(
f(t) + f(t)
)
−HET∂tf(t)−HET∂tf(t)
]
,
(3.21)
where we have set the fermions to zero. We introduced an arbitrary holomorphic func-
tion f(t) and its complex conjugate f(t). The same trick as in Section 3.3.1 works here; (3.21)
can be written as f(t)|θ=0 + f(t)|θ=pi + δ(. . .). The counterterm then evaluates to
Sf,f = f(tN) + f(tS) . (3.22)
The addition of the counterterm has the effect
ZJanus(tN, tS)→ e−f(tN)−f(tS)ZJanus(tN, tS) , (3.23)
which is equivalent to the Ka¨hler transformation (1.4) with the replacement t→ tN, t→ tS.
4 Analytic continuation and monodromy
The relation between the space of complexified FI parameters (ta) and the moduli spaceMtc
of exactly marginal twisted chiral couplings involves identifications by ta ∼ ta + 2pii and
monodromies around singularities. As mentioned in the introduction, the localization re-
sult (3.19) as well as the value of the counterterm (3.22) depend only on the values of
twisted chiral parameters at the north and south poles, not on the homotopy class of the
path γ given by the map [0, θ] →Mtc, θ 7→ [t(θ)], where [ • ] denotes the equivalence class
defined by the identifications above.
In the rest of the paper we take the pragmatic approach and assume that the Janus
partition function is given by the analytic continuation along γ. There are codimension-one
singular loci in Mtc, and it is an interesting problem to study the effect of the monodromy
along a closed curve γ that begins and ends at the large volume limit after going around
singular loci.
Our computation will involve a certain function Ψλ(x) that naturally arises in the analysis
of Picard-Fuchs equations for GLSM’s by the Frobenius method. This function coincides with
the so-called I-function [19, 20, 21] up to an x-independent but λ-dependent multiplicative
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factor. We will make contact with [30, 31] where analytic continuation and monodromy in
GLSM was studied in terms of the hemisphere partition function.
For a general N = (2, 2) SCFT, the moduli spaceMtc of exactly marginal twisted chiral
couplings is a local (or projective) special Ka¨hler manifold [32, 33, 34]. In particular Mtc
admits local projective coordinates XI and a homogeneous function F(XI) of degree two,
i.e., F(λXI) = λ2F(XI). In terms of these data, the Ka¨hler potential is given by
e−K = i(XIFI −XIF I) , (4.1)
where
FI = ∂F
∂XI
. (4.2)
When we view XI(t) and FI(t) as holomorphic sections on Mtc dependent on local coor-
dinates t = (ta), the Ka¨hler transformation (1.4) corresponds to the holomorphic rescaling
XI(t)→ e−f(t)XI(t). We may write the expectation value of the Janus interface as
ZJanus = iFI(tN)XI(tS)− iXI(tN)F I(tS) . (4.3)
5 Calabi-Yau hypersurface in a projective space
In this section we study a specific class of GLSM’s. The gauge group is U(1), and the theory
has chiral multiplets Φi (i = 1, . . . , n) and P . We assign gauge and vector R-charges as
follows.
U(1) u(1)V
Φi +1 2q
P −n 2− 2nq
We take the superpotential
W = P ·G(Φ) , (5.1)
where G(Φ) is a homogeneous polynomial of degree n. Let us denote the bottom components
of Φi by φi. We assume that the equations
G =
∂G
∂φ1
= · · · = ∂G
∂φn
= 0 (5.2)
have no solution except the trivial one φ1 = · · · = φn = 0. The equation
G(φ1, · · ·, φn) = 0 (5.3)
defines a complex hypersurface M in CPn−1. For r  0, it is known that this theory flows
to the N = (2, 2) non-linear sigma model with the Calabi-Yau M as its target space. The
complexified Kahler class of M is identified as t in this limit. For r  0 this theory reduces
to the Landau-Ginzburg orbifold.
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5.1 Janus partition function
We set ` = `0. The sphere partition function without an interface is [10, 11]
ZS2 =
∑
B∈Z
e−iBϑ
∫ i∞
−i∞
dσ
2pii
e2rσ
(
Γ(q + σ − B
2
)
Γ(1− q − σ − B
2
)
)nΓ(1− nq − nσ + nB
2
)
Γ(nq + nσ + nB
2
)
. (5.4)
The integration contour asymptotes to±i∞, and is chosen to separate the poles σp of the first
factor in the integrand (Re(σp + q) ≤ 0) from those of the second factor (Re(σp + q) ≥ 1/n).
We consider the region r  0 where the theory flows in the IR to the non-linear sigma
model with a target space M . In this region, the contour can be closed in the left half-plane
yielding the answer
ZS2(t, t) = (xx)
q
∮
d
2pii
(xx)−
pin−1 sin(npi)
sinn(pi)
∣∣∣∣ ∞∑
k=0
xk
Γ(1 + nk − n)
Γ(1 + k − )n
∣∣∣∣2 (5.5)
with the notation |F (x, )|2 := F (x, )F (x, ) and x := e−t+npii = e−r+i(ϑ+npi), x := e−t−npii =
e−r−i(ϑ+npii). The -integration contour is a small circle around the origin.
Next let us consider the sphere partition function with an interface
ZJanus =
∑
m∈Z
e−imϑ
∫
C
dσ
2pii
e2rσ
(
Γ(q + σ − B
2
)
Γ(1− q − σ − B
2
)
)nΓ(1− nq − nσ + nB
2
)
Γ(nq + nσ + nB
2
)
. (5.6)
One issue is the choice of integration contour C. For ±Imσ  0, the integrand behaves as
exp[(rN +rS− iϑN + iϑS∓2n log n)σ] =: exp[c eiα±σ] with c 0 and α± ∈ R. When ϑN = ϑS
the phase α± vanishes and the integral strictly along the imaginary axis converges.9 When
ϑN 6= ϑS, we have non-zero phases α± 6= 0 and the integral strictly along the imaginary axis
is no longer oscillatory; for convergence we need to tilt the contour C so that it is contained
in the region of the σ-plane where the integral converges. With an appropriate choice of the
contour, we conclude that
ZJanus(tN, tS) = (xNxS)
q
∮
d
2pii
(xNxS)
−pi
n−1 sin(npi)
sinn(pi)
×
( ∞∑
k=0
xkN
Γ(1 + nk − n)
Γ(1 + k − )n
)( ∞∑
k=0
xkS
Γ(1 + nk − n)
Γ(1 + k − )n
)
.
(5.7)
This gives the analytic continuation K(tN, tS) of the Ka¨hler potential via
ZJanus(tN, tS) = e
−K(tN,tS). (5.8)
9A convenient summary of the conditions for such convergence is Lemma 3.3 of [35].
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5.2 Function Ψλ(x)
Let us define
Ψλ(x) :=
∞∑
k=0
Γ(1 + n(k + λ))
Γ(1 + k + λ)n
xk+λ (5.9)
and
Φj(x) :=
1
(2pii)jj!
∂j
∂λj
Ψλ(x)
∣∣∣∣
λ=0
, j = 0, . . . , n− 2 . (5.10)
By Frobenius’ argument, these give a basis of solutions to the Picard-Fuchs equation[
(x∂x)
n−1 − nnx
n−1∏
j=1
(x∂x + j/n)
]
Φ(x) = 0 . (5.11)
Function Ψλ(x) is proportional to the so-called I-function [19, 20, 21] up to an x-
independent but λ-dependent multiplicative factor.10 The flat coordinate usually denoted
as B + iJ = τ is given by ∂λΨλ/(2piiΨλ) evaluated at λ = 0:
τ =
1
2pii
∞∑
k=0
Γ(1 + nk)
Γ(1 + k)n
(log x+ nψ(1 + nk)− nψ(1 + k))xk
∞∑
k=0
Γ(1 + nk)
Γ(1 + k)n
xk
. (5.13)
Here ψ(z) = Γ′(z)/Γ(z) denotes the digamma function.
5.3 Monodromies
We can write the sphere partition function (5.5) as
ZS2(t, t) = (xx)
q
∮
d
2pii
pin−1 sin(npi)
sinn(pi)
Ψ−(x)Ψ−(x) . (5.14)
Thus we can obtain the monodromy transformation of ZS2(t, t) from the knowledge of the
monodromy of Ψλ(x).
In the x-plane, the only singularities are at x = 0 (large volume), n−n (conifold point),
and ∞ (Landau-Ginzburg orbifold point). Under the shift ϑ→ ϑ+ 2pii (x→ e2piix) around
x = 0, there is a monodromy
Ψλ(x)→ e2piiλΨλ(x) . (5.15)
10The precise relation between Ψλ(x) and the I-function I [20] is
I(−t, λ) = Γ(1 + λ)
n
Γ(1 + nλ)
Ψλ(e
−t) . (5.12)
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In Appendix B we show that analytic continuation along the loop that goes around the
singularity at x = n−n counterclockwise gives
Ψλ(x)→ Ψλ(x)−
∮
0
dµ
1− e−2piinµ
(1− e−2piiµ)nΨµ(x) . (5.16)
The µ-integration contour goes around µ = 0 counterclockwise. Loops around x = 0 and
x = n−n generate all possible non-trivial loops.
5.4 Cubic elliptic curve
We set x = e−(t−3pii). Let us introduce Φ0 and Φ1 by
Ψλ(x) = Φ0(x) + 2piiλΦ1(x) +O(λ2) . (5.17)
The flat coordinate is
B + iJ = τ =
Φ1(x)
Φ0(x)
. (5.18)
The Janus partition function is given in terms of Φ0 and Φ1 by
ZJanus(tN, tS) = −6pii(xNxS)q(Φ0(xN)Φ1(xS) + Φ0(xS)Φ1(xN)) . (5.19)
We note that Φ1(x) = −Φ1(x). Thus we have the relation
|ZJanus(tN, tS)|2
ZS2(tN, tN)ZS2(tS, tS)
=
(τN − τS)(τS − τN)
(τN − τN)(τS − τS) . (5.20)
The interface entropy g is given by
g =
√
(τN − τS)(τS − τN)
(τN − τN)(τS − τS) , (5.21)
which reproduces a basic example of [16].
Let us study the monodromies. Under the minimal shift of ϑ for r  0, i.e., x→ e2piix,
we have the monodromy (
Φ1
Φ0
)
→
(
Φ1 + Φ0
Φ0
)
=
(
1 1
0 1
)(
Φ1
Φ0
)
. (5.22)
When going around the singularity x = 3−3 counterclockwise, the monodromy is given by(
Φ1
Φ0
)
→
(
Φ1
Φ0 − 3Φ1
)
=
(
1 0
−3 1
)(
Φ1
Φ0
)
. (5.23)
These transformations act on τ by Mo¨bius tranformations.
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They do not generate the full modular group SL(2,Z).11 Rather, they generate what is
known as the congruence subgroup Γ1(3) of SL(2,Z). It is defined as the group of SL(2,Z)
matrices
(
a b
c d
)
with a ≡ d ≡ 1, c ≡ 0 (mod 3). This means that in our gauged linear sigma
model description, the cubic elliptic curve and its mirror carry extra structures in addition
to the complexified Ka¨hler and complex structures, respectively, which are preserved by the
monodromies visible in the description. Let us recall that the T-duality group of the non-
linear sigma model with torus target is PSL(2,Z) × PSL(2,Z) o (Z2)2. Its subgroup that
acts on the complexified Ka¨hler modulus τ holomorphically is PSL(2,Z). The monodromy
group Γ1(3) visible in the current gauged linear sigma model description is only a subgroup
of the SL(2,Z), whose quotient by its center is PSL(2,Z). In particular, the values of t that
correspond to τ and −1/τ give the identical IR theory12; this equivalence is not manifest in
the gauged linear sigma model description.
The fundamental domain of Γ1(3) is shown in Figure 2. The singularity x = 3
−3 is
mapped to the cusp at τ = 0, where the volume of the elliptic curve is 0, and in the mirror
elliptic curve a 1-cycle shrinks. The Landau-Ginzburg point x =∞ is mapped to the corners
τ = ±1
2
+ i
√
3
6
. See [37] for a related analysis.
0.0 0.5 1.0
0.0
0.2
0.4
0.6
0.8
1.0
Re(τ)
Im
(τ)
Figure 2: Copies of the fundamental domain of Γ1(3) by its action. The dots are the copies
of the point 0.3 + i.
11See, for example, [36].
12For example x0 = 0.00181623 corresponds to the point τ = i invariant under S : τ → −1/τ . Two points
near τ = i related by S correspond to two distinct points near x0, which are not related by Γ1(3).
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5.5 Quintic
This is a specialization of the above to n = 5. We set x = e−t+5pii. Specializing (5.13) to
n = 5, we have the flat coordinate
B + iJ = τ =
−(t− 5pii)− 770e−t +O(e−2t)
2pii
. (5.24)
5.5.1 Monodromy in quantum Ka¨hler moduli space
While Φj in (5.10) provide a basis of solutions to the Picard-Fuchs equation (5.11), another
useful basis is provided by hemisphere partition functions. Let us compute the monodromy
matrices in this basis and compare with the literature for consistency check. The hemisphere
partition function ZB(t) for a D-brane B can be expressed, in the geometric phase, as
ZB(t) =
∫
iR
dσ
2pii
etσΓ(σ)5Γ(1− 5σ)fB(e2piiσ)
=
∮
0
d
2pii
fB(e2pii)
sin5(pi)
e5piiΨ−(x) ,
(5.25)
where the “brane factor” fB(y) ∈ Z[y, y−1], a Laurent polynomial with integer coefficients, is
determined by the D-brane B. Note that ZB depends only on the equivalence class of fB(y)
in Z[y, y−1]/〈(y − 1)5〉, where 〈(y − 1)5〉 is the ideal generated by (y − 1)5. As explained
in [15], (5.25) is equivalent to the central charge formula conjectured in [38].
We make the following choices for fB [30]:
brane fB(y)
D0 (y − 1)4
D2 y−1(y−1 − 1)3
D4 (1− y)(y−5 − 1)
D6 y−5 − 1
We find
piZD0 = 16Φ0(x) ,
piZD2 = 16Φ1(x) ,
piZD4 = 80Φ0(x)− 40Φ1(x) + 80Φ2(x) ,
piZD6 =
200
3
Φ1(x) + 80Φ3(x) .
(5.26)
The analytic continuation of Φj(x) in x can be obtained by taking derivatives, as in (5.10),
of the analytically continued Ψλ(x). We can use (5.26) to read off the monodromy action on
the hemisphere partition functions.
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The monodromy for the clockwise loop around the conifold point, as follows from (5.16),
acts as 
ZD0
ZD2
ZD4
ZD6
→

1 0 0 −1
0 1 0 0
0 0 1 −5
0 0 0 1


ZD0
ZD2
ZD4
ZD6
 . (5.27)
For the loop in the large volume ϑ→ ϑ+ 2pi (x→ e2piix), we similarly find
ZD0
ZD2
ZD4
ZD6
→

1 0 0 0
0 1 0 0
0 5 1 0
0 5 1 1


ZD0
ZD2
ZD4
ZD6
 . (5.28)
The monodromy matrices in (5.27) and (5.28) are in agreement with [30]. They generate
the full monodromy group on the quantum Ka¨hler moduli space of the quintic [39].
Since D-branes provide states in the Hilbert space of string theory, the D-brane hemi-
sphere partition functions form a natural integral basis. This is why the monodromy matrices
above are integral. The sphere partition function (and hence the Janus partition function)
can be factorized, i.e., written as a sum of products of a hemisphere partition function and
the complex conjugate of another. The coefficients that appear in the factorization are the
inverse of the matrix of Dirac indices (or Mukai pairings), which are conjecturally identified
with the cylinder partition functions specified by two boundary conditions [14, 15]. The
cylinder partition functions provide a natural symplectic pairing.
For the prepotential of the quintic [39]13
F(X0, X1 = X0τ) = (X0)2
(
−5
6
τ 3 − 11
4
τ 2 +
25
12
τ − 25i
2pi3
ζ(3) +O(e2piiτ )
)
, (5.29)
the symplectic basis in Section 4 is related to the D-brane basis as
X0
X1
F1
F0
 =

1 0 0 0
0 1 0 0
5 −8 −1 0
0 0 0 1


ZD0
ZD2
ZD4
ZD6
 . (5.30)
The Janus partition function is then given by (4.3).
13Our overall sign convention for the prepotential is that of [39], and is the opposite of [40, 7]. This ensures
that the expression (4.1) for e−K is positive in the large volume limit. The coefficients of the polynomial
part other than τ3 are subject to ambiguities due to monodromy τ → τ + 1.
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6 SQED
In this section we study the Janus interface in a non-conformal model, the SQED. We also
compute the monodromies of the partition functions and compare them with those obtained
in [41].
It was found in [11, 41] that the sphere partition function of the N = (2, 2) U(N) gauge
theory with NF fundamental and NF anti-fundamental chiral multiplets coincides with an
ANF−1 Toda CFT four-point function up to a constant factor that can be identified with the
(deformed) four-sphere partition function [42] of N2F free hypermultiplets. SQED corresponds
to the special case N = 1.
SQED has NF chiral multiplets of gauge charge +1 and the same number of chiral mul-
tiplets of charge −1. The theory has flavor symmetry (U(NF)× U(NF)) /U(1), where the
quotient is by the gauge group. We can couple the theory to background gauge multiplets for
the flavor symmetry and give vevs (twisted masses) to the scalar components. We assume
that the positively charged fields have twisted masses mf and R-charges qf , while the nega-
tively charged ones have twisted masses m˜f and R-charges q˜f . For non-zero twisted masses,
the theory ceases to be conformal. In this section we use the notations mf := i`mf + qf/2
(not to be confused with magnetic fluxes in Section 3.3.2), m˜f := −i`m˜f − q˜f/2.14 The final
result will be invariant under the simultaneous shifts mf → mf + a0, m˜f → m˜f + a0 by the
common constant a0, reflecting the quotient in flavor group.
6.1 Janus partition function
In the Coulomb branch representation, the sphere partition function of SQED is given as15
ZSQEDS2 =
∑
B∈Z
e−iBϑ
∫ +i∞
−i∞
dσ
2pii
e2rσ
NF∏
f=1
Γ(mf + σ − B2 )
Γ(1−mf − σ − B2 )
Γ(−m˜f − σ + B2 )
Γ(1 + m˜f + σ +
B
2
)
. (6.1)
The contour of integration asymptotes to ±i∞ and is taken to pass to the right of −mf and
to the left of −m˜f for all f ∈ {1, . . . , NF}. We impose the condition
∑
f Re(mf − m˜f ) < NF
on the R-charges to ensure that the integral converges.
Let us define variables x := e−t+NFpii = e−r+i(ϑ+NFpi), x := e−t−NFpii = e−r−i(ϑ+NFpi). For
|x| < 1 we can close the contour of the integration in the left half plane. Manipulations
similar to those in Section 5.1 lead to
ZSQEDS2 =
∮
C
dλ
2pii
(
NF∏
f=1
sin pi(λ− m˜f )
sin pi(λ−mf )
)
Ψ
(s)
λ (x)Ψ
(s)
λ (x), (6.2)
14The definitions in this paper and in [41] differ by factors ±i: mheref = −imtheref , m˜heref = im˜theref .
15Relative to the expression in [41], (6.1) has the opposite sign in e−iBϑ. The formula (6.1) is actually
invariant under ϑ→ −ϑ because of the identity Γ(x−B/2)/Γ(1−x−B/2) = (−1)BΓ(x+B/2)/Γ(1−x+B/2)
for B ∈ Z, the presence of an even number of chiral multiplets with charges ±1, and the sum over B ∈ Z.
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where we defined16
Ψ
(s)
λ (x) :=
∞∑
k=0
xk+λ
NF∏
f=1
Γ(k + λ− m˜f )
Γ(k + 1 + λ−mf ) . (6.3)
The contour C encloses all the poles at λ = mf , f ∈ {1, . . . , NF}. Our proposal outlined in
Section 4 is that the partition function in the presence of a Janus interface is given by the
analytic continuation
ZSQEDJanus (tN, tS) =
∮
C
dλ
2pii
(
NF∏
f=1
sin pi(λ− m˜f )
sin pi(λ−mf )
)
Ψ
(s)
λ (xN)Ψ
(s)
λ (xS) (6.4)
of the sphere partition function.
Similarly, for |x| > 1 we obtain
ZSQEDS2 =
∮
C′
dζ
2pii
(
NF∏
f=1
sin pi(ζ −mf )
sin pi(ζ − m˜f )
)
Ψ
(u)
ζ (x)Ψ
(u)
ζ (x) (6.5)
for the sphere partition function, where
Ψ
(u)
ζ (x) :=
∞∑
k=0
x−k+ζ
NF∏
f=1
Γ(k +mf − ζ)
Γ(k + 1 + m˜f − ζ) . (6.6)
The contour C ′ encloses all the poles at ζ = m˜f , f ∈ {1, . . . , NF}.
6.2 Analytic continuation and monodromies
For 0 < arg x < 2pi, the functions Ψ
(s)
λ (x) and Ψ
(u)
ξ (x) are related as
Ψ
(s)
λ (x) = −
∮
C1
dξ
2pii
(
NF∏
f=1
sin pi(ξ −mf )
sin pi(ξ − m˜f )
)
(−1)NFpie−pii(ξ−λ)
sin pi(ξ − λ) Ψ
(u)
ξ (x) ,
Ψ
(u)
λ (x) = −
∮
C2
dξ
2pii
(
NF∏
f=1
sin pi(ξ − m˜f )
sin pi(ξ −mf )
)
(−1)NFpie−pii(ξ−λ)
sin pi(ξ − λ) Ψ
(s)
ξ (x) .
(6.7)
The contour C1 encloses the poles {m˜f |f = 1, . . . , NF} ∪ {λ− 1} (and no others), while C2
encloses {mf |f = 1, . . . , NF} ∪ {λ+ 1}. We derive (6.7) in Appendix B.2.1.
From the expressions (6.2) and (6.5), we can obtain the monodromy transformations of
the sphere partition function ZSQEDS2 through the monodromies of Ψ
(s)
λ (x) and Ψ
(u)
λ (x).
The x-plane has three singularities at x = 0, 1, and ∞. Under the counterclockwise
rotation around x = 0 (x→ e2piix), we have the monodromy
Ψ
(s)
λ (x)→ e2piiλΨ(s)λ (x) . (6.8)
16The superscripts (s) and (u) refer to the crossing channels for the Toda four-point function [41].
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In Appendix B we show that analytic continuation along the loop that goes around the
singularity at x = 1 counterclockwise gives
Ψ
(s)
λ (x)→ Ψ(s)λ (x)−
∮
C′2
dη
(
NF∏
f=1
e2piiη − e2piim˜f
e2piiη − e2piimf
)
Ψ(s)η (x) , (6.9)
where the contour C ′2 encloses the poles {mf |f = 1, . . . , NF}.
The relation (6.7) and the monodromy (6.9) are equivalent to those obtained in [41]. The
vortex partition functions f
(s)
g (x) and f
(u)
g (x) that appear in the Higgs branch expression of
the sphere partition of [41] are proportional to specializations of the functions Ψ
(s)
λ (x) and
Ψ
(u)
ξ (x) above to λ = mg and ξ = m˜g respectively. In Appendix B.2.4 we explicitly confirm
that the relations in (6.7) are equivalent to the relations between f
(s)
g (x) and f
(u)
g (x) given
by the braiding matrices B± in [41], and that the monodromy matrix M1 around x = 1 as
given in [41] is equivalent to our expression (6.9).
7 Janus interface and the generating function of A-
model correlators
In this section we briefly study the Janus interface on S2 with the equivariant A-twist, also
known as the A-twist with omega deformation [43, 22]. We specialize to the Calabi-Yau
hypersurface model considered in Section 5.
The supergravity background, written down in [28] and given in [29] in the current
convention, is characterized by the omega deformation parameter Ω.
17 (The special case
Ω = 0 corresponds to the pure A-twisted theory [44, 45].)
In the absence of a Janus interface, the complexified FI parameter t = r− iϑ is constant
across the two-sphere. Even in such a case, in a supersymmetric saddle point configuration,
the scalar σ in the vector multiplet is not constant when Ω 6= 0. Although SUSY localization
is possible with the insertion of σ either at the north (θ = 0) or south (θ = pi) pole, the value
of the correlator does depend on at which pole σ is inserted. Let 〈O〉t denote the expectation
value of the operator O in the theory with modulus t. The reference [28] introduced the
generating function
F (z; t) := 〈ezσN〉t =
∞∑
n=0
zn
n!
〈σnN〉t (7.1)
of correlation functions in the theory, where σN is the field σ inserted at the north pole. It was
found that Ft(z) obeys an appropriate Picard-Fuchs equation. These correlation functions
were further studied in [46, 47, 48].
17The parameter Ω was called a in [29].
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We point out that the generating function (7.1) is nothing but the partition function in
the presence of a Janus interface in the theory.
Let us construct the Janus interface in this background by the off-shell method we in-
troduced in Section 2.2. We promote t to the scalar component of a twisted chiral multiplet
T and demand that the SUSY variations of the fermionic components vanish. The trick
we used in (3.13) and reviewed in footnote 8 gives the classical action in a supersymmetric
configuration (saddle point in SUSY localization)
SJanus =
4pi
Ω
W˜Janus
∣∣∣θ=pi
θ=0
=
1
Ω
(tNσN − tSσS) , (7.2)
where the subscripts indicate that the symbols are evaluated at the north or the south pole.
We choose to rewrite this as
SJanus =
tN − tS
Ω
σN +
1
Ω
tS(σN − σS) (7.3)
and identify z with (tS− tN)/Ω. Then the Janus partition function with equivariant A-twist
is
ZA-twist, ΩJanus = 〈ezσN〉tS = F (z; tS) . (7.4)
We also note that for the quintic model studied in [22] the Picard-Fuchs equations are
satisfied with respect to both tN and tS. Together with the results for correlators in [22], this
implies that the Janus partition function can also be written as
ZA-twist, ΩJanus =
∫
Ω(tN) ∧ Ω(tS) = XI(tN)FI(tS)−XI(tS)FI(tN) , (7.5)
where Ω is the homomorphic three-form on the mirror Calabi-Yau such that e−K = i
∫
Ω∧Ω,
and the periods XI and FI are the quantities discussed in Section 4. The relation between
the generating function F (z; t) (equivalent to an expression involving the Givental I-function
or Ψλ) and the right hand side of (7.5) was observed earlier in (8.5.6) of [47], which proved
the relation in the more general case. We also note that the expression in the middle of (7.5)
appeared already in the original paper [39].
8 Discussion
As mentioned in the introduction, the localization result (3.19) and the value of the coun-
terterm (3.22) depend only on the values of t and t at the north and south poles. In a more
refined treatment we expect the partition function should depend on the homotopy class of
the path in the moduli space.
Let us review the argument for why the GLSM partition function computed by localiza-
tion should coincide with the CFT sphere partition function. The GLSM comes with the
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physical gauge coupling g which has the dimension of mass. If the size of the sphere is large
compared with g−1, the partition function of the GLSM should equal the CFT partition
function. In SUSY localization a new term tQ · V with a fictitious coupling t is added to
the action, so that the Gaussian approximation is exact in the limit t→ +∞. Even though
in this limit the characteristic length scale set by t becomes infinite, the modification of the
action should not affect the value of path integral because it is Q-exact.
The length scale set by the variation of the moduli for the Janus interface is simply the
radius of the sphere. It would be interesting to pinpoint where the argument for the sphere
partition function above fails for the Janus partition function with tN = tS but with the
profile t(θ) that gives a homotopically non-trivial path γ in the moduli space. We emphasize
that we proposed and implemented a concrete mathematical analytic continuation procedure
that computes the effect of monodromy.
A localization technique [49] that does capture the effect of monodromy is the introduc-
tion, in the folded theory, of a boundary interaction [50] based on the matrix factorization
for the Fourier-Mukai transform corresponding to the monodromy [5]. We can also consider
a situation where the change in couplings occurs in several steps; it would be interesting
to see if the application of the gluing methods of [51] gives a result that depends on the
homotopy class [γ] of the path γ.
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A N = (2, 2) supersymmetry and supergravity
A.1 Poincare´ SUSY in Minkowski space
In Minkowski space we can write equations concisely in terms of superfields, which are func-
tions of bosonic coordinates x± = x0±x1 and fermionic coordinates (θ±, θ±). Supersymmetry
transformations correspond to differential operators:
Q± ↔ ∂
∂θ±
+ iθ±∂± , Q± ↔ −
∂
∂θ±
− iθ±∂± . (A.1)
23
Various superfields are characterized by conditions involving superderivatives
D± =
∂
∂θ±
− iθ±∂± , D± = − ∂
∂θ±
+ iθ±∂± . (A.2)
In this paper twisted chiral superfields play prominent roles. A twisted chiral superfield Φ˜
is characterized by the conditions D+Φ˜ = D−Φ˜ = 0. It has an expansion
Φ˜ = v(y˜) + θ+χ+(y˜) + θ
−χ−(y˜) + θ+θ−E(y˜) , (A.3)
where y˜± = x±∓iθ±θ±. A twisted superpotential W˜ (Φ˜) is a holomorphic function of twisted
chiral superfields Φ˜j. The corresponding action in Minkowski space is
SW˜ =
∫
d2xd2θ˜ W˜ (Φ˜) + c.c.
=
∫
d2x(Ej∂jW˜ + χ
i
−χ
j
+∂i∂jW˜ + E
j∂jW˜ − χi−χj+∂i∂jW˜ ) .
(A.4)
In the last line the arguments of W˜ and W˜ are vj and vj, respectively. In our conven-
tion d2θ˜ = dθ−dθ+.
A.2 Gauged linear sigma model
We review the gauged linear sigma model with the abelian gauge group U(1)s. The formulas
here are for Minkowski space.
The theory contains vector superfields Va (a = 1, . . . , s). We can form twisted chiral
superfields Σa = D+D−Va, which satisfiy the conditions D+Σa = D−Σa = 0. They can be
expanded as
Σa = σa(y˜) + iθ
+λa+(y˜)− iθ−λa−(y˜) + θ+θ−(Da − iva01)(y˜) , (A.5)
where vaµν = ∂µvaν − ∂νvaµ is the field stremgth for the gauge field va = vaµdxµ. Let ea be
the gauge coupling for the a-th U(1). The gauge kinetic term is
Sg =
∑
a
1
2e2a
∫
d2xd4θΣaΣa . (A.6)
We also have the action (A.4) constructed from the twisted superpotential
W˜ = − 1
4pi
∑
a
taΣa, t
a = ra − iϑa . (A.7)
It is the sum of FI and theta terms
SFI-ϑ =
∫
d2x
∑
a
(−raDa + ϑava01) . (A.8)
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The chiral superfields Φi are characterized by the conditions D±Φi = 0. We denote their
charges under the a-th U(1) as Qia. The chiral superfields can be expanded as
Φi = φi(y) + θαψiα(y) + θ
+θ−F i(y) , (A.9)
where y± = x± − iθ±θ±. The kinetic term for the chiral superfields is
Sm =
∑
i
∫
d2xd4θΦieQiaVaΦi , (A.10)
where the fermionic measure is defined as d4θ = dθ+dθ−dθ−dθ+.
A superpotential W (Φ) is a gauge invariant holomorphic function of Φ = (Φi). The
corresponding action is
SW =
∫
d2xd2θW (Φ) + c.c. , (A.11)
where d2θ = dθ−dθ+.
The total action for the gauged linear sigma model is
S = Sg + Sm + SFI-ϑ + SW . (A.12)
A.3 N = (2, 2) u(1)V supergravity
We collect relevant formulas for N = (2, 2) u(1)V supergravity [52, 53, 54, 55, 56, 28]. We use
the convention of [29], and the formulas are given in Euclidean signature. We set gravitni
to zero as in [28]. We also assume that the SUSY parameters (∓, ∓) are such that the
gravitino variations vanish. Our formulas are expressed in terms of the orthonormal frame
(ezˆ, ezˆ) = (Ωdz,Ωdz) such that the metric is ds2 = ezˆezˆ = Ω2|dz|2. Fields in twisted chiral
and anti-chiral multiplets transform as
δv = +χ− − −χ+ ,
δχ− = 2i+Dzˆv + −E , δχ+ = 2i−Dzˆv + +E ,
δE = 2i+Dzˆχ+ − 2i−Dzˆχ− ,
(A.13)
δv = −+χ− + −χ+ ,
δχ− = −2i+Dzˆv + −E , δχ+ = −2i−Dzˆv + +E ,
δE = 2i+Dzˆχ+ − 2i−Dzˆχ− .
(A.14)
Given a twisted superpotential W˜ (v) for twisted chiral multiplets (vj, χj−, χ
j
+, E
j), the
corresponding action in Euclidean signature is
SW˜ = −
∫
d2x
√
g
(
Ej∂jW˜ + χ
i
−χ
j
+∂i∂jW˜ +HW˜ +Ej∂jW˜ − χi−χj+∂i∂jW˜ +HW˜
)
, (A.15)
whereH is the graviphoton field strength. On the deformed sphere (3.8), H and its conjugate
take value H = H = −i/f(θ).
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B Details of analytic continuation
In this appendix we provide details of the analytic continuation of Ψλ(x). Our analysis is
most directly influenced by [35]. The formulas for analytic continuation and monodromies
in this appendix have been checked by plotting the functions along continuation paths nu-
merically.
B.1 GLSM for the Calabi-Yau hypersurface
Recall from (5.9) that
Ψλ(x) =
∞∑
k=0
Γ(1 + n(k + λ))
Γ(1 + k + λ)n
xk+λ (B.1)
in the region near the large volume point x = 0. The function has a singularity at x = n−n.
For the region near the Landau-Ginzburg point x =∞, we define
ΨLGξ (x) :=
∞∑
k=0
Γ(k − ξ)n
Γ(n(k − ξ))x
−k+ξ . (B.2)
Let us assume that 0 < arg x < 2pi. We can write
Ψλ(x) =
∫
ds
2pii
Γ(n(s+ λ) + 1)
Γ(s+ λ+ 1)n
xs+λe−piisΓ(−s)Γ(1 + s) . (B.3)
The contour asymptotes to the imaginary axis and is chosen to separate the poles of Γ(−s)
from those of Γ(n(s + λ) + 1) and Γ(1 + s). The integral is absolutely convergent for
0 < arg x < 2pi. For |x| < n−n we can close the contour to the right and reproduce the series
definition (B.1).
For |x| > n−n we can close the contour to the left and pick up the poles of Γ(n(s+λ)+1)
and Γ(1+s). There are n sequences of poles extending to the left with integer steps, starting
at an element of {− 1
n
, . . . ,−n−1
n
, λ− 1}. We can write the result using (B.2) as
Ψλ(x) =
∮
C1
dξ
(1− e2piiξ)n
(2pii)n−1(1− e2npiiξ)(1− e2pii(ξ−λ))Ψ
LG
ξ (x) . (B.4)
The contour C1 encircles counterclockwise the poles {− 1n , . . . ,−n−1n , λ − 1} but no other
poles. Note in particular that ΨLGξ (x) as a function of ξ has singularities at ξ ∈ Z≥0; the
contour C1 should not enclose them.
A similar consideration in the opposite direction gives
ΨLGξ (x) =
∮
C2
dµ
(2pii)n−1(1− e2npiiµ)
(1− e2piiµ)n(1− e2pii(µ−ξ))Ψµ(x) . (B.5)
The contour C2 encloses 0 and ξ + 1 counterclockwise. As a function of µ, Ψµ(z
−1) has
singularities at µ ∈ − 1
n
Z≥1\ − Z≥1, which the contour C2 should not enclose.
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B.1.1 Trivial loop
Let us consider a homotopically trivial contour in the x-plane that starts at a point near
the origin, goes out to a region with a large absolute value, and then comes back to the
original point, always with the argument in the range 0 < arg x < 2pi. This corresponds to
the integral
I =
∮
C1
dξ
∮
C2
dµ
(1− e2piiξ)n
(1− e2npiiξ)(1− e2pii(ξ−λ))
(1− e2npiiµ)
(1− e2piiµ)n(1− e2pii(µ−ξ))Ψµ(x) . (B.6)
We deform C2 to a new contour C
′
2 so that it encloses the contour C1 and its shifted copy
C1 + 1. Upon deformation we pick up the residue of the pole at µ = ξ, which contributes
upon ξ-integration ∮
C1
dξ
−1
(1− e2pii(ξ−λ))Ψξ(x) = Ψλ−1(x) , (B.7)
which we need to subtract. We have
I =
∮
C1
dξ
∮
C′2
dµ
(1− e2piiξ)n
(2pii)n−1(1− e2npiiξ)(1− e2pii(ξ−λ))
× (2pii)
n−1(1− e2npiiµ)
(1− e2piiµ)n(1− e2pii(µ−ξ))Ψµ(x)−Ψλ−1(x) .
(B.8)
We can now change the order of integrations. We also change a variable from ξ to u = e2piiξ.
We get
I =
∮
C′2
dµ
∮
du
2piiu
(1− u)n
(2pii)n−1(1− un)(1− ue−2piiλ)
× (2pii)
n−1(1− e2npiiµ)
(1− e2piiµ)n(1− e2piiµu−1)Ψµ(x)−Ψλ−1(x) .
(B.9)
The u-contour encloses e−
2pii
n
j, j = 1, . . . , n−1, and e2piiλ. We want to pull it out and evaluate
the u-integral in terms of the poles outside the u-contour. There is no pole at u =∞ or at
u = 1. Only the pole at u = e2piiµ contributes. We get
I =
∮
C′2
dµ
1
e2pii(µ−λ) − 1Ψµ(x)−Ψλ−1(x) . (B.10)
Since C1 enclosed λ− 1, C ′2 encloses λ− 1 and λ. Thus we obtain
I = Ψλ(x) (B.11)
as expected for analytic continuation along a homotopically trivial contour.
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0 n-n
x
Figure 3: Analytic continuation path for the non-trivial loop counterclockwie around the
singularity at x = n−n.
B.1.2 Loop around the conifold singularity
Next, let us consider analytically continuing x first around the origin clockwise, and then
around a large circle counterclockwise.
We begin with a point near the origin with 0 < arg x < 2pi. Continuing around the origin
clockwise, we get
Ψλ(x) = e
−2piiλΨλ(e2piix) . (B.12)
Note that 0 < arg(e2piix) < 2pi at this stage. Moving outward with fixed arg x, we get for
|x| > n−n
Ψλ(e
2piix) =
∮
C1
dξ
(1− e2piiξ)n
(2pii)n−1(1− e2npiiξ)(1− e2pii(ξ−λ))Ψ
LG
ξ (e
2piix) . (B.13)
We then continue along a large circle counterclockwise using
ΨLGξ (e
2piix) = e2piiξΨLGξ (x) . (B.14)
At this point we have 0 < arg x < 2pi. We then move inward, keeping arg x fixed, to the
region |x| < n−n:
ΨLGξ (x) =
∮
C2
dµ
(2pii)n−1(1− e2npiiµ)
(1− e2piiµ)n(1− e2pii(µ−ξ))Ψµ(x) . (B.15)
Thus the result of analytic continuation is
Ψλ(x)→ e−2piiλ
∮
C1
dξ
(1− e2piiξ)n
(2pii)n−1(1− e2npiiξ)(1− e2pii(ξ−λ))
× e2piiξ
∮
C2
dµ
(2pii)n−1(1− e2npiiµ)
(1− e2piiµ)n(1− e2pii(µ−ξ))Ψµ(x) .
(B.16)
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We evaluate the right hand side as before, by deforming C2 to C
′
2 and by changing the order
of integrations. We get
RHS of (B.16) = e−2piiλ
∮
C′2
dµ
∮
du
2piiu
(1− u)n
(2pii)n−1(1− un)(1− ue−2piiλ)
× u (2pii)
n−1(1− e2npiiµ)
(1− e2piiµ)n(1− e2piiµu−1)Ψµ(x)−Ψλ−1(x) .
(B.17)
Here the u-contour encloses e−2pii
b
n (b = 1, . . . , n − 1) and e2piiλ counterclockwise. Upon
pulling it out, the pole at u =∞ contributes
(−1)n
∮
C′2
dµ
(1− e2npiiµ)
(1− e2piiµ)nΨµ(x) = −
∮
C′2
dµ
1− e−2npiiµ
(1− e−2piiµ)nΨµ(x) . (B.18)
Though C ′2 encloses 0, λ−1, and λ, we can deform it so that it encloses only 0 because there
is no pole at µ = λ− 1 or at µ = λ. The remaining part is calculated as before. This leads
to the analytic continuation formula (5.16).
B.2 SQED
Here we perform analytic continuation for SQED studied in Section 6. The manipulations
are similar to those for the Calabi-Yau hypersurface above.
B.2.1 Ψ
(s)
λ (x) and Ψ
(u)
ζ (x)
In (6.3) and (6.6) we defined the functions Ψ
(s)
λ (x) and Ψ
(u)
ζ (x) as convergent series for |x| < 1
and |x| > 1, respectively. Let us assume that 0 < arg x < 2pi. In this region the integral∫ i∞
−i∞
ds
2pii
(
NF∏
f=1
Γ(s+ λ− m˜f )
Γ(s+ 1 + λ−mf )
)
Γ(−s)Γ(1 + s)e−piis (B.19)
absolutely converges. For |x| < 1 we can close the contour to the right and recover the
series definition for Ψ
(s)
λ (x). For |x| > 1, closing the contour to the left leads to the relation
between Ψ
(s)
λ (x) and Ψ
(u)
ζ (x) in the first line of (6.7). The relation in the second line can be
derived similarly.
B.2.2 Trivial loop
We first consider a homotopically trivial contour that corresponds to the integral
I :=
∮
C1
dξ
2pii
∮
C2
dη
2pii
(
NF∏
f=1
sin pi(ξ −mf )
sin pi(ξ − m˜f )
sin pi(η − m˜f )
sin pi(η −mf )
)
× pie
−pii(ξ−λ)
sin pi(ξ − λ)
pie−pii(η−ξ)
sinpi(η − ξ)Ψ
(s)
η (x) .
(B.20)
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Figure 4: Deformation of the integration contour C2 to C
′
2 and C
′
Contour C1 encloses {m˜f |f = 1, . . . , NF]} ∪ {λ− 1} while C2 encloses {mf |f = 1, . . . , NF} ∪
{ξ + 1}. See Figure 4. We deform C2 to C ′2 so that it also encloses C1 as in Figure 4. Since
C2 = C
′
2 + C
′ homologically, we can write
I = I1 + I2 , (B.21)
where
I1 :=
∮
C′2
dη
2pii
∮
C1
dξ
2pii
(
NF∏
f=1
sin pi(ξ −mf )
sin pi(ξ − m˜f )
sin pi(η − m˜f )
sin pi(η −mf )
)
× pie
−pii(ξ−λ)
sin pi(ξ − λ)
pie−pii(η−ξ)
sin pi(η − ξ)Ψ
(s)
η (x)
(B.22)
and
I2 := −
∮
C1
dξ
2pii
pie−pii(ξ−λ)
sin pi(ξ − λ)Ψ
(s)
ξ (x) . (B.23)
Note that for I1 we have changed the order of integrations, and for I2 we have performed
the integration along C ′ by picking up the residue at η = ξ and there only remains a single
integral with respect to ξ.
In terms of a new integration variable u = e2piiξ, we have
I1 =
∮
C′2
dη
2pii
NF∏
f=1
sin pi(η − m˜f )
sin pi(η −mf )Ψ
(s)
η (x)
×
∮
C1
du
(2pii)2u
(
NF∏
f=1
ue−piimf − epiimf
ue−piim˜f − epiim˜f
)
4pi2ue−pii(η−λ)
(eipiλ − e−ipiλu)(eipiη − e−ipiηu) .
(B.24)
Outside C1, u =∞ is no longer a pole, and evaluating the residue at the pole u = e2piiη gives
I1 =
∮
C′2
dη
2pii
pie−pii(η−λ)
sin pi(η − λ)Ψ
(s)
η (x) = Ψ
(s)
λ (x) + Ψ
(s)
λ−1(x) . (B.25)
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The integral I2 simply gives −Ψ(s)λ−1(x). Combining I1 and I2, we get
I = Ψ
(s)
λ (x) (B.26)
as expected for the trivial contour.
B.2.3 Loop around the singularity at x = 1
Next, let us consider analytically continuing x first around the origin clockwise, and then
around a large circle counterclockwise as we did for the Calabi-Yau case.
Figure 5: Analytic continuation path for the non-trivial loop counterclockwise around the
singularity at x = 1.
We begin with a point near the origin with 0 < arg x < 2pi. In the same way as the
Calabi-Yau case, first by continuing around the origin clockwise we have
Ψ
(s)
λ (x) = e
−2piiλΨ(s)λ (e
2piix) . (B.27)
Moving outward to the region |x| > 1 with fixed arg x, we use the first line of (6.7). Contin-
uing along a large circle counterclockwise we have
Ψ
(u)
ξ (e
2piix) = e2piiξΨ
(u)
ξ (x) . (B.28)
Finally we use the second line of (6.7) to move inward to the region |x| < 1 with fixed arg x.
Combining the operations we get
Ψ
(s)
λ (x)→ e−2piiλ
∮
C1
dξ
2pii
(
NF∏
f=1
sin pi(ξ −mf )
sin pi(ξ − m˜f )
)
(−1)NFpie−pii(ξ−λ)
sinpi(ξ − λ)
× e2piiξ
∮
C2
dη
2pii
(
NF∏
f=1
sin pi(η − m˜f )
sin pi(η −mf )
)
(−1)NFpie−pii(η−ξ)
sin pi(η − ξ) Ψ
(s)
η (x).
(B.29)
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We evaluate the right hand side as we did for the trivial loop. In terms of u = e2piiξ, we have
Ψ
(s)
λ (x)→
∮
C′2
dη
2pii
(
NF∏
f=1
sin pi(η − m˜f )
sin pi(η −mf )
)
Ψ(s)η (x)
∮
C1
du
(2pii)2u
(
NF∏
f=1
ue−piimf − epiimf
ue−piim˜f − epiim˜f
)
× 4pi
2u2e−pii(λ+η)
(eipiλ − e−ipiλu)(eipiη − e−ipiηu) −
∮
C1
dξ
2pii
piepii(ξ−λ)
sin pi(ξ − λ)Ψ
(s)
ξ (x) .
(B.30)
We deform C1 to the contour which encloses poles at u = e
2piiη and u =∞. The combination
of the contributions from the pole at u = e2piiη and the ξ-integral in the second line gives
Ψ
(s)
λ (x) as we discussed for the trivial loop. It is convenient to introduce an integration
variable v = 1/u for the integral around u =∞. We can write the integral as
Ψ
(s)
λ (x)→ Ψ(s)λ (x) +
∮
C′2
dη
2pii
(
NF∏
f=1
sinpi(η − m˜f )
sin pi(η −mf )
)
Ψ(s)η (x)
×
∮
0
dv
(2pii)2v
(
NF∏
f=1
e−piimf − epiimfv
e−piim˜f − epiim˜fv
)
4pi2e−pii(λ+η)
(eipiλv − e−ipiλ)(eipiηv − e−ipiη) .
(B.31)
By picking up the residue at v = 0, we finally obtain the monodromy formula (6.9).
B.2.4 Relation to the braiding and monodromy matrices
In this appendix, we will compute the matrices that represent the relations (6.7) between
Ψ
(s)
λ (x) and Ψ
(u)
ξ (x), as well as the matrix representing the monodromy (6.9). We will
compare them with the corresponding expressions found in Appendix A of [41].
Slightly generalizing the first line of (6.7), we can show that
Ψ
(s)
λ (x) = −
∮
C1
dξ
2pii
(
NF∏
f=1
sin pi(ξ −mf )
sin pi(ξ − m˜f )
)
(−1)NFpie∓pii(ξ−λ)
sinpi(ξ − λ) Ψ
(u)
ξ (x) , (B.32)
where C1 encloses all the poles ξ = m˜f , and the upper or lower sign corresponds to 0 <
arg(x) < 2pi or −2pi < arg(x) < 0 respectively. After performing integration we have
Ψ(s)mg(x) = −
NF∑
f=1
∏NF
h=1 sin pi(m˜f −mh)∏NF
h6=f sin pi(m˜f − m˜h)
(−1)NFe±ipi(mg−m˜f )
sin pi(−m˜f +mg) Ψ
(u)
m˜f
(x) . (B.33)
Let us introduce the functions (vortex partition functions [57])
f (s)g (x) := F
(
mg − m˜f , 1 ≤ f ≤ NF
1−mf +mg, f 6= p ;x
)
= x−mgΨ(s)mg(x)
NF∏
f=1
Γ(1−mf +mg)
Γ(−m˜f +mg) ,
f (u)g (x) := F
(
m˜g −mf , 1 ≤ s ≤ NF
1 + m˜f − m˜g, s 6= p ;
1
x
)
= x−m˜gΨ(u)m˜g(x)
NF∏
f=1
Γ(1 + m˜f − m˜g)
Γ(mf − m˜g) ,
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where F
(
a1 a2 · · · aNF
b1 b2 · · · bNF−1
;x
)
denotes the generalized hypergeometric function. Using these
functions, we can rewrite (B.33) as
xmgf (s)g (x) =
NF∑
f=1
B±gf x
m˜ff
(u)
f (x) , (B.34)
where we defined
Df :=
NF∏
g=1
Γ(1−mg +mf )
Γ(−m˜g +mf ) , D˜f :=
∏NF
g 6=f Γ(−m˜g + m˜f )∏NF
g=1 Γ(1−mg + m˜f )
Bˇ±gf :=
pie±ipi(mg−m˜f )
sin pi(−m˜f +mg) , B
±
gf := DgBˇ
±
gfD˜f .
(B.35)
The definition (B.35) of the braiding matrix B± coincides with that in (A.3.3) of [41].
The relation inverse to (B.34) can be written as
xm˜gf (u)g (x) =
NF∑
f=1
(B±)−1gf x
mff
(s)
f (x) . (B.36)
The analog of the manipulations that led to (B.33) proves the equality
(B±)−1gf =
NF∏
h=1
Γ(1 + m˜h − m˜g)
Γ(mh − m˜g)
∏NF
h6=s Γ(−mf +mh)∏NF
h=1 Γ(1 + m˜h −mf )
pie∓ipi(mf−m˜g)
sin pi(mf − m˜g) , (B.37)
which we checked numerically.
For the monodromy around x = 1, the formula (6.9) for Ψ
(s)
λ reduces, upon integration,
to the one for the vortex partition functions f
(s)
g (x)
xmgf (s)g (x)→
∑
f
Mgfxmff (s)f (x) , (B.38)
where the monodromy matrix is given by
(M− id)gf = −2i
∏NF
h=1 sin pi(mf − m˜h)∏NF
h6=s sin pi(mf −mh)
×
(
NF∏
h=1
Γ(1−mh +mg)
Γ(−m˜h +mg)
Γ(−m˜h +mf )
Γ(1−mh +mf )e
−ipi(mh−m˜h)
)
.
(B.39)
The reference [41] considered the monodromy along the contour in the direction opposite to
ours (given in Figure 5) and obtained the matrix M1 = B
+(B−)−1. Then the monodromy
matrix M for our contour should coincide with M−11 = B−(B+)−1. Indeed we checked
analytically for NF = 2 and numerically for NF = 3, 4 that the right hand side of (B.39)
equals (B−(B+)−1)gf − δfg. Our computation by analytic continuation amounts to a general
analytic proof of the equality.
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